ON C*-ALGEBRAS ASSOCIATED WITH 
C*-CORRESPONDENCES 



TAKESHI KATSURA 

Abstract. We study C*-algebras arising from C* -correspondences, which was 
introduced by the author. We prove the gauge- invariant uniqueness theorem, 
and obtain conditions for our C*-algebras to be nuclear, exact, or satisfy the 
Universal Coefficient Theorem. We also obtain a 6-term exact sequence of K- 
groups involving the if-groups of our C*-algebras. 



0. Introduction 

In |Ka2j . we introduce a method to construct C*-algebras from C*-correspon- 
dences. This construction is similar to the one of Cuntz-Pimsner algebras |iP], and 
in fact these two constructions coincide when the left action of a given C*-corre- 
spondence is injective. However, when the left action of a C*-correspondence is not 
injective, our construction differs from the one in 0. Our construction of C*-al- 
gebras from C*-correspondences whose left actions are not injective is motivated 
by the constructions of graph algebras of graphs with sinks in jFLRj, C*-algebras 
from topological graphs in |Kalj . and crossed products by Hilbert C*-bimodules in 
|AEEj ■ In fact, our construction generalizes all of these constructions. In our next 
paper |Ka3j . we will explain that our C*-algebras have a nice property which crossed 
products by automorphisms also have. 

In this paper, we prove several theorems on our C*-algebras, which generalize or 
improve known results on Cuntz-Pimsner algebras or other classes of C*-algebras. 
After preliminaries of C*-correspondences and their representations in Sections d 
and 121 we give definitions of our C*-algebras Tx and Ox for a C*-correspondence X 
in Section El Sections |31 and El are preparatory sections for our main theorems. In 
Section we review constructions of Fock spaces and Fock representations. Most 
of the results in this section have been already known. In Section we analyze 
so-called cores. Main theorems can be found in Sections El 13 and |H1 In Section El 
we prove the gauge-invariant uniqueness theorems of our C*-algebras, which will 
play an important role in the analysis of their ideals in |Ka3j . In Section [71 we give 
necessary and sufficient conditions for our C*-algebras to be nuclear or exact. In 
Section El we give a 6-term exact sequence of ii"-groups which seems to be helpful 
to compute i^-groups of our C*-algebras. We also give a sufficient condition for our 
C*-algebras to satisfy the Universal Coefficient Theorem of jRSj . 
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We denote by N = {0, 1,2,.. .} the set of natural numbers, and by T the group 
consisting of complex numbers whose absolute values are 1. We use a convention 
that 7(A, B) = {7(0, b)&D\a&A,b^ B} for a map 7: A x B ^ D such as inner 
products, multiplications or representations. We denote by span{- ■ • } the closure of 
hnear spans of {•■■}. An ideal of a C*-algebra means a closed two-sided ideal. 

1. C*-CORRESPONDENCES 

We use )L2j for the general reference of Hilbert C*-modules and C*-correspon- 
dences. 

Definition 1.1. Let A be a C*-algebra. A (right) Hilbert A-module X is a Ba- 
nach space with a right action of the C*-algebra A and an A-valued inner product 
{■,-)x'- X X X — > A satisfying certain conditions. 

Recall that a Hilbert A-module X is said to be full if span(X, X)x = A. We do 
not assume that Hilbert C*-modules X are full. For a C*-algebra A, A itself is a 
Hilbert A-module where the inner product is defined by rj)A = and the right 
action is multiplication. 

Definition 1.2. For Hilbert A-modules X,Y, we denote by C{X,Y) the space 
of all adjointable operators from X to Y. For ^ G X and rj & Y, the operator 
9^ 5 e C{X, Y) is defined by ^(C) = v{^, Ox G F for C e X. We define /C(X, Y) C 
C{X,Y)hj 

/C(X, Y) = spMi{dv,i e £(X, Y)\^EX,r]EY}. 

For a Hilbert A-module X, we set C{X) = C{X,X), which is a C*-algebra, and 
/C(X) = /C(X,X), which is an ideal of C{X). 

Definition 1.3. For a C*-algebra A, we say that X is a C* -correspondence over A 
when X is a Hilbert A-module and a *-homomorphism ipx '■ A —>■ C{X) is given. 

We refer to ipx as the left action of a C*-correspondence X. A C*-correspondence 
X over A is said to be non- degenerate if span(y9x(A)X) = X. We do not assume 
that C*-correspondences are non-degenerate. 

Let A be a C*-algebra. We can define a left action of the C*-algebra A on the 
Hilbert A-module A by the multiplication. Thus we get a C*-correspondence over 
A, which is called the identity correspondence over A and denoted by A. Note that 
the left action ipA of the identity correspondence A gives an isomorphism from A 
onto /C(A) C £(X). 

Definition 1.4. Let X,Y be C*-correspondences over a C*-algebra A. We denote 
by X © y the quotient of the algebraic tensor product of X and Y by the subspace 
generated by (^a) ® — ^ ® ((y9y(a)?7) for ^ E X, rj E Y and a E A. We can define 
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an A- valued inner product, right and left actions of A on X F by 

(e ® r/, e' ® v')x<^Y = {v, OxW)y 

(g) n)a = ^ (g) (rja), ipx^Yia){^ (g) r]) = (v2x(a)0 ® 

for ^, ^' & X, r],r]' & Y and a & A. One can show that these operations are well- 
defined and extend to the completion of X y with respect to the norm coming 
from the A- valued inner product defined above (see |L2l Proposition 4.5]). Thus 
the completion of X F is a C*-correspondence over A. This C*-correspondence is 
called the tensor product of X and Y, and denoted by X F. 

By definition, we have 

X r = span{^ 7] I ^ G X, G F}, 

and {^a) r/ = ^ {(pY{a)ri) for ^ e X, rj eY and a E A. 

Definition 1.5. For a C*-correspondence X over a C*-algebra A and n G N, we 
define a C*-correspondence X®" over A by X®o = A, X^^ = X, and X®("+i) = 
X 0X®" for n>l. 

For each n G N, the left action tpx^-^ of the C*-correspondence X®" will be simply 
denoted by A —>■ £(X®"). For a positive integer n, we have 

X®" = span{ei 06 ® ■ ■ ■ ® 6 I 6,6, • • • ,6 G X}. 

Note that for positive integers n, m, there exists a natural isomorphism between 
X®" 0X'^™ and X®*^""*"™^. We have such isomorphisms for m = 0, but for n = we 
just get an injection X®°0X®'" —>■ X*^™. When X is non-degenerate, this injection 
is actually an isomorphism, but it is not surjective in general. 

Definition 1.6. Let n be a positive integer, and take S E /^(X*^"). For each m G N, 
we define 5 id^ G /:(X®("+™)) by {S id^)(^ ?]) = 5(0 for ^ G X®" and 
r] E X^"^. 

We note that 5" ido = 5". The *-homomorphism £(X®"') 9 5" ^— > S* id^ G 
£(X®*^"'"'"™'') is injective when cpx is injective, but this is not the case in general. 
When X is non-degenerate, we can define S id„ G C{X^"') for S E £(X®°) and 
n > 1 because X®° X®" = X®". In this case, we have a id„ = (fn{a) for 
a E A = A:(X®°). By abuse of notation, for a G A = }C{X^°) we use the notation 
a id„ for denoting V9„(a) G C{X^"') even though X is degenerate. Note that 
we cannot define S id„ G /^(X*^") for S" G £(X®°) in general. In other words, 
the *-homomorphism A ^ £(X®") need not extend to a *-homomorphism 
M{A) £(X®") unless X is non-degenerate. 

Definition 1.7. Let us take ^ G X®" with n G N. For each m G N, we define an 
operator r;^(0 G /:(X®™, X^("+™)) by 

r;;^(0 : X®™ 3 7]^^(g)r]E X®("+'"). 

Note that for a G A = X®°, we have r°„(a) = ip^{a) E C{X®'^) for each m G N. 
Note also that Tq": X^" ^ /:(X®o,X®") is an isometry onto /C(X®°,X®") for each 
n G N. The adjoint r;^(0* G /:(X®("+'"), X^™) of r;^(0 satisfies that r;^(0*(C®^) = 
<^m{{^,C)x^")v for C G X®", 7] E X®"". It is not difficuh to see the following two 
lemmas. 
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Lemma 1.8. Forni,n2,m e N and G X®"i,^2 e X®"^ we /iaw 

Lemma 1.9. For 72,171 & N, C,,i] & a & A, we have the following; 

(i) r-{Or:^{vr = ® id„^ m /:(X^('^+-)), 

(ii) r;^(OV;^(r/) = ^n ^(X^'"), 

(iii) = m £(x^™,x^("+-)), 

2. Representations of C*-correspondences 

Definition 2.1. A representation of a C*-correspondence X over A on a C*-algebra 
B is a pair consisting of a *-homomorphism tt : A — »• and a linear map t: X ^ B 
satisfying 

(i) t{0*t{v) = ^{{^,v)x) for ^,r/GX, 

(ii) 7r(a)t(0 = t{ipxia)^) ioi a E A, ^ E X. 

We denote by C*{tt, t) the C*-algebra generated by the images of vr and t in B. 

A representation of a C*-correspondence was called an isometric covariant repre- 
sentation in jMSj . Note that for a representation (vr,t) of X, we have t(^)7r(a) = 
t(^a) automatically because the condition (i) above, combining with the fact that vr 
is a *-homomorphism, implies 

||t(Ovr(a) -t(ea)|f = \\{t{i)Ti{a) - t{ia)Y {t{i)Aci) - t{^a))\\ = 0. 
Note also that for ^ G X, we have ^ ll^llx because 

wmr = \\m*m\\ = m{^,Ox)\\ < m,Ox\\ = mix- 

Definition 2.2. A representation (7r,t) is said to be injective if a *-homomorphism 
vr is injective. 

By the above computation, we see that t is isometric for an injective representation 
(vr,t). 

Definition 2.3. For a representation (vr,t) of a C*-correspondence X on B, we 
define a *-homomorphism ipt- — > -B by V't(%,r?) = G -B for r/ G X. 

For the well-definedness of a *-homomorphism , see, for example, |KPWt Lemma 
2.2]. The following lemma is easily verified. 

Lemma 2.4. For a representation (vr, t) of a C*- correspondence X over A, we have 
TT{a)ilJt{k) = ilJt{fx{a)k) and ipt{k)t{^) = t{kC,) for a E A, ^ E X and k E /C(X). 

By this lemma, we see that ipt is injective for an injective representation (vr,t). 

Definition 2.5. Let (vr, t) be a representation of X. We set = tt and = t. For 

n = 2,3, we define a linear map X®" C*{n,t) by r(^®r/) = t(C)t''-^{v) 
for ^ G X and r] E X®("-i) . 
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It is routine to see that t"' is well-defined and that (vr, t") is a representation 
of the C*-correspondence X®". Hence we can define ipt^: IC{X^"') C*{7i,t) by 
i(jtn{9^,^) = for ^,r]e X®". Note that T and are isometric if (7r,it) is 

an injective representation. 

Lemma 2.6. Let {TT,t) be a representation of X. Take ^ G X®" and rj G X*^™ for 
n,m eN with n>m. Then we have t™(?7)*t"(^) = t""'^(C) where ( = T^^miv)*^ ^ 

Proof. When m = 0, this follows from the fact that (vr, t") is a representation of the 
C*-correspondence X®". Let m be a positive integer. We may assume ^ = rj' ^ (' 
for V G X®"^ and C' e because the linear span of such elements is dense in 

X®". We have 

t™(r/)*r(0 = t"(r/)*t"(r/')t""™(C') 
= vr((r/,V)x«™)r-™(C') 

= t"-'"(^n-™((r7,V)x«™)C')- 

On the other hand, we get 

We are done. □ 

Proposition 2.7. For a representation (vr, t) o/X, we /iat;e 

C*(7r, t) = span{r(Ot'"(r/)* | ^ G X^", r/ G X^™, n, m G N}. 

Proof. Clearly, the right hand side is a closed ^-invariant linear space which contains 
the images of vr and t, and is contained in C*(7r,t). Hence all we have to do is to 
check that this set is closed under the multiplication, and this follows from Lemma 
ESI □ 

3. C*-ALGEBRAS ASSOCIATED WITH C*-CORRESPONDENCES 

In this section, we give definitions of the C*-algebras Tx and Ox for a C*-corre- 
spondence X. 

Definition 3.1. Let X be a C*-correspondence over a C*-algebra A. We denote by 
{T!'x,ix) the universal representation of X, and set Tx = C*{7tx,ix). 

The universal representation {7tx,ix) can be obtained by taking a direct sum of 
sufficiently many representations. By the universality, for every representation (tt, t) 
of X we have a surjection p: Tx ^ C*{7i, t) with vr = p o vf x and t = p o tx- This 
surjection will be called a natural surjection. 

Definition 3.2. For a C*-correspondence X over A , we define an ideal Jx of A by 

Jx = Vx'{>^iX))n{keTifxf 

= {a G A I ipx{cL) £ ^{^) and ab = for all b G kenpx} 

Note that Jx = ipx^[}C{X)) when y^x is injective. The ideal Jx is the largest 
ideal to which the restriction of ipx is an injection into /C(X). The ideal Jx has the 
following property. 
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Proposition 3.3. Let X be a C* -correspondence over a C* -algebra A, and {7^,t) be 
an injective representation of X . If a & A satisfies 7r(a) G '?/'t(/C(X)), then we have 
a E Jx and 7i{a) = ipt{ipx{,o)) . 

Proof. Take a & A with 7r(a) G il)t{K,{X)). Let k G K,{X) be an element with 
7r(a) = iptik). For each ^ G X, we have 

t(^x(a)0 = vr(a)t(0 = = m)- 

Since t is injective, we have (fx{0')^ = for every ^ G X. This implies that 
fxici) = k E 1C{X). Thus we get 7r(a) = Take h G kery^x and we will 

show that afe = 0. We get 

7r(a6) = 7r(a)7r(6) = ^i(v9x(a))7r(6) = ?/'t(v?x(a)v5x(&)) = 0. 
Since vr is injective, we obtain a6 = as desired. Thus a E Jx- D 
The above proposition motivates the following definition. 

Definition 3.4. A representation (7r,t) is said to be covariant if we have 7r(a) = 
ipt{vx{.ci)) for all a E Jx- 

Definition 3.5. For a C*-correspondence X over a C*-algebra A, the C*-alge- 
bra Ox is defined by Ox = C*{7ix,tx) where (vrx,tx) is the universal covariant 
representation of X. 

By the universality, for each covariant representation (vr, t) of a C*-correspondence 
X, there exists a natural surjection p: Ox — ^ C*('7r, t) satisfying vr = p o nx and 
^ = P ° • 

The construction of C*-algebras Ox from C*-correspondences X generalizes both 
the one in jFj for C* -correspondences with injective left actions and the one in 
|AEEj for C*-correspondences coming from Hilbert C*-bimodules. This is also a 
generalization of the construction of graph algebras |KPRR| IKPRt IFLRj and more 
generally C*-algebras arising from topological graphs |Kalj . For the detail, see 
[Ki2]. 

4. The Fock representation 

In this section, we construct a representation of a given C*-correspondence, which 
is called the Fock representation. The Fock representation is injective, and from this 
we get an injective covariant representation. Most of the results in this section can 
be found in [Pj or jMSj . We will need them in Sections [7| and |H1 For the convenience 
of the readers, we give complete proofs. 

Definition 4.1. The Hilbert A-module JF(X), obtained as the direct sum of the 
Hilbert A-modules X®^ . . ., is called the Fock space of X. 

We consider X^^ as a submodule of J-'{X) for each n G N. For n, m G N, we 
consider the space £(X®",X®'^) of adjointable operators from X®" to X®™ as a 
subspace of C{J-'{X)). 
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Definition 4.2. We define a *-homomorphism (p^: A C{J^{X)) and a linear 
map Too'- X by 

oo oo 

<^oo(a) = XI '^rn{a), roo(0 = XI 

m=0 m=0 

for a & A and ^ G X, wliere we always use the strong topology for the infinite sum 
of elements in C{T{X)). 

Proposition 4.3 (|P', Proposition 1.3]). The pair {(poo, Too) is an injective represen- 
tation of X on £(JF(X)). 

Proof. By taking = 1 in Lemma 11.91 (ii) and (iv), we see that {'Poo^Too) is a 
representation of X. It is injective because ipo'- ^ ^ jC{X^^) is an isomorphism 
onto /C(X®0). □ 

This representation {^PocToo) is called the Fock representation. From the Fock 
representation (v^oo^Too), we can define a linear map r^: X®" £(JF(X)) for each 
n e N as in Definition O It is easy to see that r^(0 = Em=oC(0 for ^ G X®" 
and n G N. 

Proposition 4.4. For a & Jx, we have 

foo{a) - AApxia)) = Mc^) e /:(X^°) C £(^(X)). 

Proo/. For ^,r] G X, we have V't^o (%,r)) = Z],'^=i ® idm-i by Lemma [131 (i). 
Hence we have iprad^^) = Sm=i ^ ® idm-i for ah ^ ^ /C(X). Therefore we obtain 

oo oo 

95oo(a) - ^roo(v'x(a)) = X ~ X '^^('^) ® ^'^'"-i = '^o*^") 

m=0 m=l 

because (y^ml^) = px{ci) ® id^-i for m > 1. □ 
Corollary 4.5. If a E A satisfies p>oo{o) € V'too(^(^)); ^^^^ a = 0. 

Proof. For a G A with V9oo(a) G ipr^{lC{X)), we have a E Jx and v^oo(«) = 
V'too(v^x('3')) by Proposition 13.31 By Proposition 14. 4( we get poi^i) = V^ool^) — 
i'raaifxicL)) = 0. Thus we obtain a = because ipo is injective. □ 

The set J^{X)Jx is a Hilbert J^-module ( |Ka3t Corollary 1.4]), and we have 

/C(^(X)Jx) = span{%,,^ G /C(^(X)) | G ^(X),a G Jx}, 

which is an ideal of £(JF(X)). We see that k G /C(JF(X)) is in /C(JF(X)Jx) if and 
only if fc?7) G Jx for all ^,r] E ^{^) (see |FMR,[ Lemma 2.6] or |Ka3[ Lemma 
1.6]). 

Proposition 4.6. We have }C{J^{X)Jx) C C*{ipoo,roo) ■ 

Proof For ^ G X®", r/ G X®™ and a G Jx, we have 

%a,, = r^^lOv'oWCl^?)* = r^(0(^oo(a) - V^.^(^x(a)))C(r7)* G C*(^oo,roo) 

by Proposition lOl Hence /C(J^(X)Jx) C C*(¥?oo, ^oo). □ 

Let cr: £(JF(X)) £(JF(X))//C(JF(X) Jx) be the quotient map, and set p = 
a o Poo and r = cr o Tqo. By Proposition 14. 4t (yj, r) is a covariant representation of X 
on £(JF(X))//C(JF(X) Jx). We will see that this representation (93, r) is injective. 



8 



TAKESHI KATSURA 



Lemma 4.7. For n > 1, the restriction of the *-homomorphism £(X®") 3 S ^ 
5 ® idi G to /C(X®"Jx) is mjective. 

Proof. Take k e /C(X®"Jx) with A; ® idi = 0. Then for all G X®" and all 
rj, rj' G X, we have 

= ® r], (A; ® idi)(e' ® = k^')x^-W)x- 

Hence we have <^x((^, ^Ox®-) = for all e X®". Since A; G /C(X^"Jx), 
we have {^,k^')x'S" G Jx- Thus {^,kC,')x<sn = for all G X*^" because ipx is 
injective on Jx- Therefore we get k = 0. Thus the restriction of the map S ^ S^idi 
to /C(X^"Jx) is injective. □ 

Lemma 4.8. For a E A, ipoo{(i-) ^ ^(•^(-^)) implies lim„^oo llv^nl*^)!! = 0. 

Proof. For each n G N, let P„ G £(JF(X)) be the projection onto the direct 
summand X*^" C J^{X). Since v'„(a) = Pnfoo{o)Pn, it suffices to show that 
lim^^oo ll-Pn^-Pnll = for each k G /C(JF(X)). We may assume k = O^^r^ for 
^,?7 G .?^(X) because the linear span of such elements is dense in /C(JF(X)). By 
the same reason, we may assume ^ G X®^ and r/ G X®^ for some fc, / G N. Now it is 
clear that we have lim„_»oo H-Pn^-Pn || = 0. This completes the proof. □ 

Proposition 4.9. The covariant representation {(f, r) is injective. 

Proof. Take a E A with ip{a) = 0. Then we have v^oo(o) ^ ^{,^{,X).Jx)- For each 
n G N, we have 

= Pnfoo{a)Pn e PnlCiJ^{X)Jx)Pn = /C(X®"Jx) 

where P„ G £(JF(X)) is the projection onto the direct summand X®" C J^{X). 
By taking n = 0, we get a G Jx- Since (pi = ipx is injective on Jx, we have 
ll^ll = llv'il'^)!!- By Lemma I^Tl we have ||</9„(a)|| = ||v3n(a) ® idi || = ||v9„+i(a)|| 
for all positive integer n. Therefore we get ||(/9„(a)|| = ||a|| for all n G N. Thus we 
have a = by Lemma 14.81 This proves that the covariant representation (yj, r) is 
injective. □ 

As consequences of Corollarv 14.51 and Proposition 14. 9( we have the followings. 

Proposition 4.10. The universal representation {7tx,tx) of X on Tx satisfies that 
{aGA|7rx(a)G^f^(/C(X))} = 0. 

Proposition 4.11. The universal covariant representation {nx,tx) of X on Ox is 
injective. 

We will see in Section IHl that the Fock representation (v^ocToo) is the universal 
representation, and (y?, r) is the universal covariant representation. 

Note that the C*-algebra C*((^oo, t"oo) is the augmented Cuntz-Toeplitz algebra 
defined in jP], and the C*-algebra C*((/9,r) is the relative Cuntz-Pimsner algebra 
0{Jx,X) defined in [13 Definition 2.18]. 

5. Analysis of the cores 

In this section, we investigate the so-called cores of C*-algebras C*{7T,t) for rep- 
resentations (tt, t) of a C*-correspondence X. Fix a C*-correspondence X over a 
C*-algebra A, and a representation {n,t) of X. 
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Definition 5.1. For each n G N, we set fi„ = ^tn(/C(X®")) C C*{7r,t). 

Note that Bq = 7i{A) and that 5„ ^ /C(X^") when (7r,t) is injective. We can 
easily see the next lemma. 

Lemma 5.2. Forn,m e N withn> 1, we /iaw span(t"(X®")5„t"(X®")*) = 
and r(X^")*S„+„r(X®") C B^. 

Definition 5.3. For m,n eN with m < n, we define B[m,n] C C*(7r,t) by = 
+ --- + B 

We have -B[n,n] = Bn for each n G N. By the next lemma, we see that -B[m,ra]'s are 
C*-subalgebras of C*(7r, t). 

Lemma 5.4. For m, n G N with m < n, k E /C(X'^™) anc? A;' G /C(X®"), we /iave 
iJtm{k)tpt"{k') = tpt"{{k (g) id„_m)/i;')- 

Proo/. It suffices to show that V^tm(A;)r(0 = t"((A; ® id„_^)0 for k G /C(X®") 
and ^ G X*^". When m = 0, this equation follows from the fact that (vr, t") is a 
representation of the C*-correspondence X*^". Suppose m > 1. We may assume 
k = e^^r, for C, ^ e X®™. We have 

= r(C)r-'"(C_^(r/)*e) 

= ^"((C-„.(c)rr-„(r])*)0 

= r((/c®id„_„)e) 

by Lemma f2. 61 and Lemma fl .91 (i). We are done. □ 

By the above lemma, -B[fc,n] is an ideal of -B[m,n] for m, k,n E N with m < k < n. 
In particular, _B„ is an ideal of -B[o,n] for each n E N. 

Definition 5.5. For m G N, we define a C*-subalgebra -B[m,oo] of C*{n,t) by 

-B[r)i,oo] = Un=m • 

Note that the C*-algebra -B[m,oo] is an inductive limit of the increasing sequence of 
C*-algebras {i?[m,n]}^m- The C*-algebra -B[o,oo] is called the core of the C*-algebra 
C*{7i, t). The core -B[o,oo] naturally arises when the C*-algebra C*(7r, t) has an action 
of T called a gauge action. 

Definition 5.6. A representation (vr, t) of X is said to admit a gauge action if 
for each z E T, there exists a *-homomorphism (3^'- C*{'K,t) C*{TT,t) such that 
f]^{7r{a)) = 7r(a) and f3z{t{C.)) = zt{^) for all a G A and ^ G X. 

If it exists, such a *-homomorphism f3z is unique. By the assumptions in the defini- 
tion above, j3z is a ^-automorphism for all 2; G T and the map Aut(C*(7r, t)) 
is automatically a strongly continuous homomorphism. By the universality, both the 
universal representation (7fx,tx) on Tx and the universal covariant representation 
ij^Xitx) on Ox admit gauge actions. We denote these actions by 7: T r\ Tx and 
7: T Ox- It is clear that for a representation (vr, t) admitting a gauge action [3 we 
have op = P072 for each z eT, where p: Tx ^ C*{tt, t) is the natural surjection. 
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It is also clear that for a covariant representation (vr, t) admitting a gauge action 
j3 we have Pz ° P = P ° 1z ioi each z E T, where p: Ox — > C*{n,t) is the natural 
surjection. 

Proposition 5.7. When a representation {TT,t) admits a gauge action f3, the core 
B[o,oo] coincides with the fixed point algebra C*{n,t)^. 

Proof. Since 

for ^ G X®", ri G X®™ and z E T, it is clear that 5[o,oo] C C*{7i,ty. Take 
X G C*{'K,t)f^. By Proposition 12.71 there exists a sequence {x^j^Q of linear sums of 
elements in the form t"" {ff)* such that x = limfc^ooa;fc. Then we have 

X = (3z{x)dz = lim / (3z{xk)dz 
J J Jt 

where dz is the normalized Haar measure on T. By the above computation, we get 
Pz{xk)dz G U^^o-^'^ every k. Thus we have x G -B[o,oo]- We have shown that 
S[o,oo] = C*(7r,tf. ' □ 

We are going to compute the core i?[o,oo] C C*{7i,t). To do this end, we need the 
following notation. 

Definition 5.8. For a representation (7r,t) of X, we set 

= {aeA\ n{a) e B, = ^t(/C(X))}, 
which is an ideal of A. For each n G N, we define 

= V't"(/C(X^"/(;,))) C i?„ C C*(7r,t). 

Proposition 5.9. For each n G N, we have Bn fl Bn+i = B'^. 

Proof. The case = follows from the definition of I^^^t)- n be a positive 
integer. For a G J^'^^-j and C,,f] E X®", we have 

^A0^a,,) = t''{^a)t^{vr = t"(Ovr(a)r(r/)* G 

because 7r(a) G Bi. Hence we get 5^ C -Bn fl Bn+i- Conversely take x G -B„ fl 
Take A; G /C(X®") with = x. For each ^,r] e X®", we have 

because x G This implies that {i,krj)x G for all C,,ri E X®". Hence we 

have k G /C(X®"/[^ j^). Thus we get x = ^ 5^. We have shown i?„ n i?„+i = 

5; for all n G N. ' □ 

Lemma 5.10. Letn be a positive integer. For an approximate unit {ux} o//C(X®") 
and k G /C(X^("+^)), we have k = limA(uA ® idi)A;. 

Proof Clearly the equality holds for k = {k' ® i<li)k" G /C(X^("+^)) where k' G 
/C(X®") and k" G /C(X®("+i)). We will show that the linear span of such elements 
is dense in /C(X®*^"'+^)). To do so, it suffices to show that the linear span of elements 
in the form \k' ® idi)C with k' G /C(X®") and C e X®("+^) is dense in X®("+i) 
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because we have {k' ® idi)6'^^^/ = 6'(fc'0idi)^,^'. For k' = 9^^^/ and ( = r] ^ r]' with 
^, r] e X®" and r]' G X, we have 

Since the hnear span of elements in the form ^ (^', r/)^®" with ^, rj G X®" is dense 
in X®" and the hnear span of elements in the form ^®?7' with ^ G X®" and f]' G X, 
is dense in X®^^~^^\ we see that the linear span of elements in the form {k' ® idi)C 
with k' G /C(X®") and C e X®("+^) is dense in X®("+i). We are done. □ 

Proposition 5.11. For each n ^N, we have -B[o,n] H -Bn+i C -Bn. 

Proof. The assertion is obvious for n = 0. We assume n > 1. Take x G -B[o,n] H-Bn+i. 
Choose G /C(X®("+^)) such that x = ipt"+'^{k)- For an approximate unit {ux} of 
/C(X®"), we have k = limA(MA ® idi)A; by Lemma IK.KU Since ipt^{u\)ipt^+i{k) = 
Tpf^+i {{u\ ® idi)fc) by Lemma we see 

X = ipt"+^{k) = \im ipt"{ux)ipt"+^{k) = \im'iljt"{ux)x. 

A A 

Since -B„ is an ideal of -B[o,n]5 we have x G Thus we obtain i?[o,„]ni?,„+i C □ 

Proposition 5.12. For each n & N, we have -B[o,n] H Bn+i = B'^, and we get the 
following commutative diagram with exact rows; 

> 5; > 5[0,n] ^ i?[0,n]/5; > 

> -Bn+1 ^ -S[0,n+1] ^ -^[0,n]/-S^ ^ 0. 

Proof. The former part follows from Proposition 15.91 and Proposition 15.111 The 
latter part follows from the former and the fact -B[o,n+i] = -B[o,n] + -Bn+i- D 

Proposition 5.13. For n = l,2,...,oo, we have the following short exact se- 
quences; 

^ -B[l,n] ^ -^[o,n] ^ Bq/B'q > 0. 

Proof. We will first prove -Bq H i?[i,n] = -Bq by the induction with respect to n. 
The case that n = 1 follows from Proposition 15.91 Suppose that we have proved 
Bq n -B[i,n] = Bq. Take x E Bq H B^^i^n+i]- Choose y G -B[i,n] and z G -B„+i with 
X = y + z. We have z = x — y E -B[o,n] H -Bn+i- By Proposition EHH we have z G -Bn- 
Thus X = y + z E Hence we have shown Bq Pi -B[i^„+i] C -Bq H -B[i,n]- Since 

the converse inclusion is obvious, we get Bq fl B^i^n+i] = -Bq H -B[i,n] = -Bq- Thus 
we obtain i?o H -B[i,n] = -Bq for all positive integer n. This implies the existence of 
the desired short exact sequences for n = 1, 2, . . ., because -B[o,n] = -B[i,n] + Bq. By 
taking inductive limits, we obtain the short exact sequences for n = oo. □ 

The C*-subalgebras of Tx and Ox corresponding to -B^, -B[m,n] are denoted by 
^n,^[m,n] C Tx and Bn,B\m,n] C Ox- By Proposition 15.71 we have = i3[o,oo] and 

= ^[0,oo]- 
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Proposition 5.14. There exists a short exact sequence 

> Bn+l > -B^Cn+l] ^ -BfCn] ^ 0, 

which splits by the natural inclusion B[Q^n] ^ -Bfcn+i] ■ 

Proof. This follows from Proposition l5.12l because Proposition l4.1(Jl implies /^'-^ = 
0. □ 

Proposition 5.15. There exists a surjection from to A. 

Proof. This follows from Proposition 15. 13( □ 
Proposition 5.16. We get the following commutative diagram with exact rows; 

> B[i.„+1] > B[o,n+l] ^ A/Jx > 







B[l,oo] 



B 



[0,oo] 



X 



0. 



Proof. By noting that Bq = A and B'q = Jx, this follows from Proposition 15. 13l □ 
Proposition 5.17. We get the following commutative diagram with exact rows; 
> Jx > A > A/Jx > 



fx 







B 



[l,oo] 



A/J 



X 



0. 



Proof. This follows from Proposition 15. 13l 



□ 



Proposition 5.18. For a C* -correspondence X over a C* -algebra A, the following 
conditions are equivalent; 

(i) the injection nx'- A ^ Ox is an isomorphism, 

(ii) we have Bq D Bi, 

(iii) the injection ipx '■ Jx ^{^) ^■5 O'IT' isomorphism, 

(iv) the C*- correspondence X comes from a Hilbert A-bimodule. 

Proof. It is clear that (i) implies (ii). From the condition (ii), we obtain Bn D Bn+i 
for all n G N by Lemma [5.21 Hence (ii) implies = Bq = nxiA). This shows the 
implication (ii) =^ (i). By setting = in Proposition 15 . 1 2l we have the following 
commutative diagram with exact rows; 











J 



X 



Bn 



A/J_ 



X 



/C(X) 



B^ 



[0,1] 



X 







0. 



From this diagram, we have the equivalence (ii) 
(iii) <^=^ (iv) was shown in |Ka2j . 



(iii). Finally, the equivalence 

□ 
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6. The gauge-invariant uniqueness theorems 

In this section, we will give conditions for representations or covariant represen- 
tations to be universal. The idea of the proof can be seen in jKaH Section 4] (and 
also in Section 3], |FMR^ Section 4]). Let us take a C*-correspondence X over a 
C*-algebra A. 

Proposition 6.1. For a representation {TT,t) of X satisfying I^^^t^ = 0, the restric- 
tion of p: Tx C*{TT,t) to the fixed point algebra is injective. 

Proof. For n G N let i?„ and -B[o,n] be C*-subalgebras of C*(7r,t) defined in Defi- 
nition 15.11 and Definition 15.31 From the condition = 0, we get the following 
commutative diagram with exact rows; 

> Bn+l > •6[0,n+l] ^ I3[0,n] ^ 



P 



P 



P 



> Bn+l ^ -S[o,n+l] > -B[0,n] ^ 

by the same argument as in Proposition 15.141 Since the condition t) ~ ^ implies 
that the representation (vr, t) is injective, we see that the restriction of p to Bn is 
injective for all n G N. By using this fact and the commutative diagram above, 
we can inductively show that the restriction of p to i3[o,n] is injective. Hence the 
restriction of p to 7^ = S[o,oo] is injective. □ 

The following is the gauge-invariant uniqueness theorem for the C*-algebra Tx- 

Theorem 6.2. Let X be a C* -correspondence over a C* -algebra A. For a represen- 
tation {TT,t) of X , the surjection p: Tx ^ C*{'n',t) is an isomorphism if and only if 
(tt, t) satisfies /^'^ t) ~ ^ '^'^^ admits a gauge action. 

Proof. We had already seen that the two conditions are necessary. Now suppose 
that a representation (vr,^) admits a gauge action /5, and satisfies /(^j-, = 0. Take 
X & Tx with p{x) = 0. Then we have 

pi / 'yz{x*x)dz) = / p{^z{x*x))dz = / f3z{p{x*x))dz 



0, 

where dz is the normalized Haar measure on T. Since Jr^'yz{x*x)dz G T^ , we have 
Jj'yz{x*x)dz = by Proposition 16. 11 This implies x*x = 0. Hence p is injective. □ 

Proposition 6.3. For an injective covariant representation {TT,t) of X, the restric- 
tion of the surjection p: Ox — > C*(7r,t) to the fixed point algebra is injective. 

Proof. For n G N let Bn and -B[o,n] be C*-subalgebras of C*{tt, t) defined in Definition 
15. 11 and Definition 15.31 Since ipt" is injective, the restriction of p to Bn is an isomor- 
phism onto Bn- It is easy to see that the restriction of p to i3[o,n] is a surjection onto 
-B[o,n] for each n G N. We will show that these are injective by the induction with 
respect to n. The case that n = follows from the fact that vr is injective. Suppose 
that we had shown that the restriction of p to i3[o,n] is an isomorphism onto -B[o,n]- 
By Proposition 13. 3t we have J|^^ = I'^^^^ = Jx- Hence the restriction of p to B'n 
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is an isomorphism onto B'^. Thus we get an isomorphism B[o^n]/Bn ~^ -B[o,„]/-B^. By 
Proposition 15.121 we get the following commutative diagram with exact rows; 

> Bn+l > ^[0,n+l] ^ i3[o,„]/i3^ > 

p 

^ Bn+l ^ -S[o,n+l] ^ B[Q.n]/B'n > 0. 

By the 5-lemma, we see that the surjection B[Q^n+i] -B[o,n+i] is an isomorphism. 
Thus we have shown that the restriction of p to i3[o,n] is injective for all n G N. 
Hence the restriction of p to = Sp^oo] is injective. □ 

The following is the gauge-invariant uniqueness theorem for the C*-algebra Ox- 

Theorem 6.4. For a covariant representation (7r,t) of a C*- correspondence X, 
the *-homomorphism p: Ox C*{7T,t) is an isomorphism if and only if (7r,t) is 
injective and admits a gauge action. 

Proof. The proof goes similarly as in Theorem 16.21 with the help of Proposition 
lO □ 

When the left actions of C*-correspondences are injective, Theorem 16.41 is the 
gauge-invariant uniqueness theorem for Cuntz-Pimsner algebras which was proved 
in |FMRt Theorem 4.1]. In the case that C*-correspondences are defined from 
graphs with or without sinks, this was already proved in [BHR5| Theorem 2.1]. For 
C*-algebras arising from topological graphs, this was proved in |KaH Theorem 4.5]. 

We can apply the two gauge-invariant uniqueness theorems to the representations 
(v^oo,Too) and (v^, t) in Section HJ 

Proposition 6.5. Both the representation {(foo, Too) (^nd the covariant representa- 
tion {f,T) are universal, that is, we have natural isomorphisms C*{(p^,T^) = Tx 
and C*{^,t) = Ox- 
Proof. To apply Theorem 16.21 and Theorem 16.41 it suffices to see that both of the 
representations (</?oo, Too) and r) admit gauge actions because the other conditions 
had already been checked in Section HI 

For each ^ e T, define a unitary u, G C{J^{X)) by u,{i) = z'^i for ^ e X®" C 
T{X) and n G N. It is routine to see that the automorphisms Adw^ of £(JF(X)), 
defined by Kduz{x) = u^xul for x G £(JF(X)), give a gauge action for the rep- 
resentation (v?oo,Too)- The ideal /C(jF(X)Jx) of £(JF(X)) is closed under the au- 
tomorphisms Aduz for each 2; G T. Hence we can define an automorphism (3^ of 
£(J^(X))//C(J^(X)Jx) by /3^((t(x)) = a(M,xM*) for x G C{J^{X)) and z e T. It is 
clear that /3 is a gauge action for the representation (yj, r). We are done. □ 

By Proposition 16. 5[ the C*-algebra Ox is isomorphic to the relative Cuntz- 
Pimsner algebras C*{^, r) = 0{Jx,X) introduced in [HE] (cf. |ME1 Theorem 2.19]). 
The isomorphism C*{!f 00,^00) — Tx was already proved in jF) Theorem 3.4] under 
small assumption on C*-correspondences. 

The C*-algebra Ox was defined as the largest C*-algebra among C*-algebras 
C*(7r,t) generated by covariant representations (vr,t) of X. Theorem 16.41 tells us 
that we have C*(7r, t) = Ox when a covariant representation (7r,t) satisfies two 
conditions; being injective and admitting a gauge action. In the next paper |Ka3j . 
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we will see that the C*-algebra Ox can be defined as the smallest C*-algebra among 
C*-algebras C*{n,t) generated by representations (vr,t) of X which satisfy the two 
conditions above; being injective and admitting gauge actions. Thus we can define 
Ox without using the ideal Jx- 

7. NUCLEARITY AND EXACTNESS 

In this section, we study when the C*-algebras Tx and Ox become nuclear or 
exact. We use the facts on nuclearity and exactness appeared in Appendices 1X1 and 
|B] as well as in . 

On the exactness of Tx and Ox, we have the following which generalizes |DS[ 
Theorem 3.1] slightly. 

Theorem 7.1 (cf. [ DSt Theorem 3.1]). For a C*- correspondence X over a C*-al- 
gebra A, the following conditions are equivalent; 

(i) A is exact, 

(ii) is exact, 

(iii) Tx is exact, 

(iv) O]^ is exact, 

(v) Ox is exact. 

Proof. Suppose that A is exact. By Proposition IB. 71 /C(X^"') is exact for all n E N. 
By Proposition 15. 14( we can prove inductively that -B[o,n] C is exact for all n G N 
because exactness is closed under taking splitting extensions. Thus T^ is exact 
because it is an inductive limit of exact C*-algebras. This proves (i) =^ (ii). The 
equivalences (ii) <^==^ (iii) and (iv) <^=^ (v) follow from Proposition lA. 131 Since 
there exists a surjection Tx Ox, (iii) implies (v). Finally, (v) implies (i) because 
7rx(v4) C Ox is isomorphic to A. □ 

On the nuclearity of Tx, we have the following. 

Theorem 7.2. For a C* -correspondence X over a C* -algebra A, the following con- 
ditions are equivalent; 

(i) A is nuclear, 

(ii) T^ is nuclear, 

(iii) Tx is nuclear. 

Proof. In a similar way to the proof of (i) ^ (ii) in Theorem 17.11 we can show that 
(i) implies (ii). The implication (ii) ^ (i) follows from Proposition 15.151 Finally, 
Proposition IA.131 gives the equivalence (ii) <^==^ (iii). □ 

On the nuclearity of Ox, we have the following. 

Theorem 7.3. For a C* -correspondence X over a C* -algebra A, the following con- 
ditions are equivalent; 

(i) Aj Jx is a nuclear C* -algebra, and ttx'- Jx ^ -^[i.oo] o nuclear map, 

(ii) Tlx'- A Ox is a nuclear map, 

(iii) TTx'- A ^ Ox is a nuclear map, 

(iv) O]^ is nuclear, 

(v) Ox is nuclear. 
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Proof. The equivalence (i) <^==^ (ii) is shown by applying Proposition IA.6I to the 
diagram in Proposition 15 . 1 7l The equivalence (ii) <^=^ (iii) follows from Proposition 
IA.121 Obviously (iv) implies (ii). Assume (ii). We see that A/Jx is nuclear from 
the equivalence (i) <^=^ (ii). We will prove that the embedding i3[o,„] ^ B[q^oo] is 
nuclear for all n € N by the induction on n. The case n = follows from the 
condition (ii). Suppose we have shown that i3[o,n] ^ -^[0,00] is nuclear. Let us set 
Yn = span{tx{X)B[o^n]) and Fqo = span(tx {X)B[o^oo] ) • Then by Lemma EI21 Yn is a 
Hilbert ;B[o,n]-module with /C(l^) = B[i^n+i], and Yoq is a Hilbert S[o,oo]-module with 
^(Xoo) — 'B[i,oo]- By applying Proposition IB. 81 to the inclusions S[o,n] ^ ^[0,00] and 
Yn ^ Yoo, we see that the inclusion B[i^n+i] ^ ^[1,00] is nuclear. Now by applying 
Proposition IA.6l to the diagram in Proposition 15.161 we see that B[o^n+i] ^ -^[0,00] is 
nuclear. Hence we have shown that i3[o,„] ^ -Bio^oo] is nuclear for all n E N. Since 
UneN ^[o,n] is dcusc in i3[o,oo] , we see that the identity map i3[o,oo] — >■ B[o,oo] is nuclear. 
Thus ;B[o,oo] is a nuclear C*-algebra. This shows that (ii) implies (iv). Finally, the 
equivalence (iv) <^=^ (v) follows from Proposition IA.131 □ 

We give two sufficient conditions on C*-correspondences X for Ox to be nuclear, 
which may be useful. Both of them easily follows from Theorem 17.31 

Corollary 7.4. // A is nuclear then Ox is nuclear. 

Corollary 7.5. // both the C* -algebra A/Jx and the *-homomorphism ifx'- Jx 
/C(X) are nuclear, then Ox is nuclear. 

Remark 7.6. We can prove Corollarv 17.41 directlv by showing that Ox is nuclear 
when A is nuclear in a similar way to the proof of (i) =^ (ii) in Theorem 17. 11 

The converses of Corollary 17.41 and Corollary 17.51 are not true as the following 
example shows. We would like to thank Narutaka Ozawa who gave us this example. 

Example 7.7. Let i? be a nuclear C*-algebra, and D be a non-nuclear C*-subalge- 
bra of B. For an integer n, we define An hj An = B for n > and An = D for n < 0. 
We set A = An- We define an injective endomorphism (p: A ^ A so that 

(P\ao- ^0 ^ ^1 is a natural embedding and (p\An- An ^ An+i is an isomorphism for 
a non-zero integer n. Since D is not nuclear, the injective endomorphism is not 
nuclear. Let X be the C*-correspondence over A which is isomorphic to A as Hilbert 
A-modules, and whose left action ipx'- A jC{X) is defined as the composition of 
(p: A ^ A and the isomorphism A = }C{X) C C{X). Then we have Jx = A and 
the map (px- Jx ^{X) is not nuclear as (p is not. Thus the C*-correspondence 
X does not satisfy the assumption of Corollarv 17.41 nor Corollarv 17. 51 However, the 
C*-algebra Ox is nuclear because the fixed point algebra Ojf is isomorphic to the 
inductive limit lim(y4, y?) = 5, which is nuclear. 

A Hilbert A-bimodule X is naturally considered as a C*-correspondence over 
A, and the C*-algebra Ox is isomorphic to the crossed product A Xx ^ of A by 
X defined in jXEE^ Definition 2.4] (see |Ka2| Subsection 3.3]). We have a nice 
characterization of the nuclearity of such a C*-algebra. 

Proposition 7.8. When a C* -correspondence X over a C* -algebra A comes from 
a Hilbert A-bimodule, the C* -algebra Ox is nuclear if and only if A is nuclear. 
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Proof. By Proposition 15.181 we see that vr^ : ^ — >■ 0jjf is an isomorphism. Hence 
the conclusion follows from Theorem 17.31 or rather Proposition lA. 13l □ 

8. if-GROUPS 

The purpose of this section is to obtain the 6-term exact sequence of /T-groups, 
which seems to be useful to compute the i^-groups Ko{Ox) and Ki{Ox) of Ox- 
Mainly we follow the arguments in [Pl Section 4]. There, Pimsner used KK-theorj to 
obtain his 6-term exact sequence. For this reason, he assumed the separability of the 
C*-algebras involved. Here, we work directly with i^-theory instead of using KK- 
theory, and obtain the 6-term exact sequence without the assumption of separability. 

For a C*-algebra A, we denote by K^{A) the i^-group Ko{A) © Ki{A) of A 
which has a Z/2Z-grading. By maps between /T-groups, we mean group homo- 
morphisms which preserve the grading. Thus for C*-algebras A and B, considering 
maps between i^-groups K^,{A) K^:{B) is same as considering two homomor- 
phisms Kq{A) Kq{B) and Ki{A) —* Ki{B). For a *-homomorphism p: A ^ B, 
we denote by the map K^{A) — > K^{B) induced by p. 

Fix a C*-correspondence X over a C*-algebra A. Since we have Tx = C*{(poo, Too) 
by Proposition 16.51 there exists an embedding j : /C(JF(X) Jx) — * 7^ by Proposition 
14.61 Since C*{ip,T) = Ox by Proposition 16.51 we have the following short exact 
sequence; 

> /C(^(X)Jx) Tx > Ox > 0. 

The following two propositions enable us to compute the /^-groups of /C(JF(X) Jx) 
and Tx- 

Proposition 8.1. The *-homomorphism ipo: Jx —>■ K,{J^{X)Jx) induces an iso- 
morphism (v^o)*: K^{Jx) K^{lC{T{X)Jx))- 

Proof. The *-homomorphism ipQ-. Jx ^ ^{J^{X)Jx) is an isomorphism onto the C*- 
subalgebra lC{X®^Jx) oilC{T{X)Jx). Since X®ojx is a full Hilbert Jx-submodule 
of Jx, /C(X®0Jx) is a hereditary and full C*-subalgebra of /C(J^(X) Jx). Hence 
(v^o)* is an isomorphism by Proposition IB. 51 □ 

Proposition 8.2. The *-homomorphism Tlx'- A —>■ Tx induces an isomorphism 
{nx).:K,{A)^K,{Tx). 

Proof. See Appendix O □ 

Next, we will compute j^: K^{}C{J-'{X)Jx)) K^(Tx). 

Definition 8.3. We denote by i: Jx A the natural embedding. We define a map 
[X] : K^{Jx) — > K^{A) by the composition of the map (v^x)*: K^{Jx) — >■ K^{IC{X)) 
induced by the restriction of (fx to Jx and the map X*: K^{IC{X)) — > K^{A) 
induced by the Hilbert A-module X as in Remark IB. 41 

The map [X]: K^{Jx) — > K^,{A) is same as the map induced by the element 
(X, (px, 0) of KK{Jx, A). When a C*-correspondence X is defined from an injective 
*-homomorphism ip: A ^ A, we have Jx = A and [X] = y?*. For the notation in 
the proof of the next lemma, consult Appendix iBl 

Lemma 8.4. The composition of the two maps [X]: K^{Jx) K^{A) and (ttx)*: 
i^r*(y4) — >• K^{Tx) coincides with {iptx ° V^x)*- 
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Proof. Let M2{Tx) be the C*-algebra of two-by-two matrices with entries in Tx- 
For i,j G {0, 1}, we denote by Lij the natural embedding Tx M2(Tx) onto the 
i, j-component. By the definition of ii'-groups, (ioo)* = ('-ii)* is an isomorphism. 

From the maps fcx'- ^ Tx and ix'- X Tx, we get a *-homomorphism 
p: Dx — ^ M2{Tx) such that p o la = '•ii ° t^x and p o lx = i^m °ix- We have 
P o i^K{x) = '•oo ° i^tx- Since is defined as {la}^^ <=> it^K{x))*, we have 

= (^ii)^^ o (^oo)* o (V'tx)* 

Hence we get 

(ttx)* o [X] = (vfx)* o X* o {ipx)* = ii^tx)* ° (v^x)* = ii^tx ° V^x)*- 
We are done. □ 

Lemma 8.5. The *-homomorphism ttx ^ l: Jx Tx is the sum of the two *-ho- 
momorphisms iptx ° Vx and j o ip^. 

Proof. If we identify Tx and C*{(poo,'^oo), this follows from Proposition 14.41 □ 

By the two lemma above, the map j* : K*(/C(JF(X) Jx)) — >■ K^,{Tx) is same as 
the map — [X]: K^{Jx) — > K^,{A) modulo the isomorphisms (v?o)*: K^{Jx) —>■ 
K,{)C{J^{X)Jx)) and (ttx)*: ^ K,(Tx): 



K,{Jx) > K,{A). 

u-[X] 

Thus by rewriting the 6-term exact sequence of i^-groups obtained from the short 
exact sequence 



> lC{T{X)Jx) — ^ Tx > Ox > 0, 

we get the following. 

Theorem 8.6 (cf. jP) Theorem 4.9]). For a C* -correspondence X over a C*-algebra 
A, we have the following exact sequence; 



K,{Ox) ^ K,{A) K,{Jx). 

For a C*-correspondence X over a C*-algebra A and an ideal J of A satisfy- 
ing ipx{J) C /C(X), the relative Cuntz-Pimsner algebra 0{J,X) is defined as the 
quotient C*(v9oo, roo)//C(J^(X) J) ( |MSl Definition 2.18]). Thus we can prove the 
following statement in the same way as the proof of Theorem | 
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Proposition 8.7. Let X be a C* -correspondence over a C* -algebra A, and J be an 
ideal of A with fxiJ) C }C{X). Then we have the following exact sequence; 

KoiJ) — — - KoiA) > KoiOUX)) 

Lt — [X,J] TT, 

K,{0{J,X)) KM) ^^^^^ ^i(^), 

where t: J ^ A is the embedding, n: A —>■ 0{J,X) is the natural *-homomorphism, 
and [X, J]: K^{J) K^{A) is defined by [X, J] = X^ o ({px\j)*- 

It is not difficult to see tliat tlie two *-liomomorpliisms in Proposition 18.11 and 
Proposition 18.21 induce i^'/T-equivalences between Jx and )C{J-'{X)Jx) and between 
A and Tx wlien tlie involving C*-algebras are separable. Hence by applying "two 
among three principle" to the short exact sequence 

> )C{T{X)Jx) Tx ^ Ox > 0, 

we get the following. 

Proposition 8.8. Let X be a separable C*- correspondence over a separable nuclear 
C* -algebra A. If A and Jx satisfy the Universal Coefficient Theorem of [RSj . then 
so does Ox- 



Appendix A. On nuclear maps 

In Appendices El and IHl we gather the results on nuclear maps and linking al- 
gebras. We use these results in Sections [7| and |H1 Most of them should be known 
among the specialists. Some results in this appendix hold with less assumption. 

Definition A.l. For C*-algebras A and we denote by A^mm-D (resp. A®^g_^D) 
the minimal (resp. maximal) tensor product of A and and hy AQ D the kernel 
of the natural surjection tia,d '■ A (S>max D A (S>min L). 

Definition A. 2. For a *-homomorphism A ^ 5, we can define *-homomor- 

phismS ®min idi) : A (g)min D B ®mm D and (g)max idD : A (g)max D ^ B (g)max D 

such that (p ®mm idi:)(a ® d) = ip ®inax 'idn^a ® d) = ip{a) <S) d for a E A and d & D. 
Since we have the commutative diagram; 



A' 



A' 



D 



D 



B 



nidr 



D 



the restriction of ip 



idu A Q D C A ^iiiax D induces a *-homomorphism 



pQido- AQ D ^ B Q D. 

Definition A. 3. A *-homomorphism p: A 
algebra D, the *-homomorphism p®raax '^(^D '■ 



B is said to be nuclear if for all C*- 
A ®max D ^ B ®max D factors through 
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the surjection 'Ka,d '■ ^ ®max D ^ A (8>min D; 



T^B.D 



A (g)mm D ^ B (g)mm D. 

A C*-algebra A is said to be nuclear if id^ : A A is a nuclear map. 

In other words, a *-homomorphism ip: A ^ B is nuclear if and only if y^Gid^i = 
for all C*-algebra D, and a C*-algebra A is nuclear if and only if AQ D = for all 
C*-algebra D. 

Remark A. 4. A *-homomorphism is nuclear if and only if it has the completely 
positive approximation property (see jW]). 

Lemma A. 5. Let 

> I — ^ A B > 

be a short exact sequence of C*- algebras, and D be a C* -algebra. Then the following 
sequence is exact; 

> IQD AqD BQD. 

If there exists an injective nuclear *-homomorphism A A' for some C* -algebra 
A' , then vr id/j is surjective. 

Proof. The former statement follows from the fact that maximal tensor products 
preserve short exact sequences. If there exists an injective nuclear *-homomorphism 
A ^ A' for some C*-algebra A', then A is exact by |W| Proposition 7.2]. Since 
exact C*-algebras have Property C |,Ki^, the sequence 

> / (g)min B> > A (g)min B> > B (g)min B> > 

is exact (see Proposition 5.2 and Remarks 9.5.2 in jWj). Hence the conclusion follows 
from 3 X 3-lemma. □ 

Proposition A. 6. Suppose that we have a following commutative diagram with 
exact rows; 

> I A B ^ 

r A' B > 0. 



Suppose also that (p is injective. Then tp is nuclear if and only if both B and (po ore 
nuclear. 
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Proof. Take a C*-algebra D. By Lemma lA.51 we have the following commutative 
diagram with exact rows; 

> leD AeD BeD 



. I'eD A'eD BeD. 

Suppose that is nuclear. By Lemma fA.Sl the *-homomorphism vrBidi) is surjective. 
Hence we have B Q D = for all C*-algebra D. We also have ipo Q ido = for all 
C*-algebra D by the diagram above. Thus both B and ipo are nuclear. Conversely 
assume that both B and y^o are nuclear. Then we have ipQid£, = for all C*-algebra 
D by the diagram above. Therefore if is nuclear. We are done. □ 

Proposition A. 7. Let A, B be C* -algebras, and Aq, Bq be C*- sub algebras of A 
and B, respectively. Let (p: A B be a *-homoniorphism with (p{Ao) C Bq. Let 
(fio'- ^0 Bq be the restriction of ip. When Bo is a hereditary C* -subalgebra of B, 
the nuclearity of ip implies the nuclearity of (po. 

Proof. When cp is nuclear, its restriction Lp' : Aq —>■ B is also nuclear. Hence for any 
C*-algebra D, the map ip' Q idn- Aq Q D ^ B Q D is 0. Since Bq is a hereditary 
C*-subalgebra of B, we see that the inclusion l: Bq ^ B induces an injective *- 
homomorphism l ®max id^: Bq (8>max D ^ B (S>max D by fCTl Theorem 3.3]. Hence 
the *-homomorphism t Q ido '■ Bq Q D ^ B Q D is also injective. This shows that 
V^o idz) : -D — ^ -Bo -D is for all C*-algebra D. Thus ipQ is injective. □ 

The following complements the proposition above. 

Proposition A. 8. With the same notation in Proposition \A . ?[ when Aq is a hered- 
itary and full C* -subalgebra of A, the nuclearity of ipQ implies the nuclearity of (p. 

Proof. Take a C*-algebra D. Since Aq is a hereditary and full C*-subalgebra of A, 
^0 0max -D is a hereditary and full C*-subalgebra of A 0max D. Hence Aq Q D = 
{Aq 0max D) H [A Q D) is also hereditary and full in AQ D. When tpQ is nuclear, 
the *-homomorphism ip 0max idr,: A 0max D ^ B 0max B> vanishes on AqQD. Thus 
ip 0max ids vanishes on AQ D. This shows that ip is nuclear. □ 

The following is an immidiate consequence of Proposition I A. 71 and Proposition 



Corollary A. 9. A hereditary and full C*- subalgebra Aq of a C*- algebra A is nuclear 
if and only if A is nuclear. 

We also have the following. 

Proposition A. 10. A hereditary and full C* -subalgebra Aq of a C*-algebra A is 
exact if and only if A is exact. 

Proof. Since a C*-subalgebra of an exact C*-algebra is exact, Aq is exact if A is 
exact. Suppose that Aq is exact. Take a short exact sequence of C*- algebras; 

> I — ^ B D > 0. 
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All we have to do is to prove ker(7r (8>min idA) = I ®min A. Since Aq is full and 
hereditary in A, B ®min is full and hereditary in B ®min A. Thus ker(7r ®min id^) 
is generated by its intersection with B (S>min ^o, which is / ®min by the exactness 
of Aq. Hence we get ker(7r ®min idyi) = / ®min A. We are done. □ 

Remark A. 11. We can prove Proposition lA.lOl bv using Proposition IA.8I together 
with the deep fact that a C*-algebra is exact if and only if its one (or all) faithful 
representation is nuclear due to Kirchberg 'Ki]. We can also prove Proposition lA. lOl 
in a similar way to the proof of Proposition IB. 31 



The above investigation of hereditary C*-subalgebras can be extended to other 
classes of C*-subalgebras. In Section [71 we just need the following two results. 

Proposition A. 12. Let a: G A he an action of a compact group G on a G*- 
algebra A. Let ip: D ^ A be a *-homomorphism whose image is contained in the 
fixed point algebra A" of a. Then the restriction ipQ-. D ^ A" is nuclear if and only 
if if is nuclear. 

Proof. Similar as the proof of Proposition I A. 71 □ 

Proposition A. 13. Let a: G r\ A be an action of a compact group G on a G*- 
algebra A. Then A is nuclear or exact if and only if the fixed point algebra A" is 
also. 

Proof. For nuclearity, it was proved in |DLRZ| Proposition 2] . It was pointed out by 
Narutaka Ozawa that the technique in |DLRZj works for exactness. We will sketch 
his argument. 

When A is exact, A" is exact. Assume that A" is exact. Take a short exact 
sequence of C*-algebras; 

> I > B — ^ D > 0. 

Let us take a positive element x of ker(7r ®min id^)- To derive a contradiction, we 
assume x ^ J^minA. Then we can find a state ({> of i?(8>min^ such that (p vanishes on 
/ C^min A and '{){x) > 0. We set Xq = J^^. id^ ®mmC(z{x)dz where dz is the normalized 
Haar measure of G. Then we see xq E B ®min We have 



ymin 



idA^){xQ) = / TT (8)minidA (ids®min«2(a;))(i^ 

JG 

= / ids ®mma4^ ®min idA{x))dz = 0. 
Jg 



Since A" is exact, we have Xq G / ®min A"". This leads a contradiction as 

= ip{xo) = / (p{idB 0mmaz{x))dz > 0. 



G 



Therefore we have x G / (8>min A for all positive element x of ker(7r ®min idyi)- Thus 
we have shown ker(7r (S>min idyi) = I ®min ^- This implies that A is exact. □ 

Appendix B. On linking algebras 



Definition B.l. Let A be a C*-algebra and X be a Hilbert A-module. The C*-al- 
gebra )C{X Q) A) is called the linking algebra of X, and denoted by Dx- 
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Since }C{A,X) = X and 1C{A) = A naturally, we have the following matrix 
representation of Dx', 



where X = IC{X, A) is the dual left Hilbert A- module of X. The natural embeddings 
are denoted by 



Both maps la and lic{x) are injective *-homomorphisms onto corners of Dx- The 
C*-subalgebra A of Dx is always full, but }C{X) is full in Dx only in the case that 
X is a full Hilbert A-module. 

Lemma B.2. Let A be a C* -algebra and X be a Hilbert A-module. For separable 
subsets Aq (Z A and Xq C X , there exist a separable C*-subalgebra A^o C A con- 
taining Aq and a separable closed subspace X^o of X containing Xq such that X^o is 
a Hilbert Aoo-module by restricting the operations of X. 

Proof. Let Ai be the C*-algebra generated by Aq + {Xq,Xq)x- We set Xi = 
span(Xo + XqAq) which is a closed subspace of X. We inductively define families 
of separable C*-subalgebras {An}'^=i of A and separable closed subspaces 
of X so that An+i is a C*-algebra generated by An + {Xn,Xn)x, and that Xn+i = 
spaji{Xn + XnAn). We set A^c = UneN^n Xoo = UneN^"- Then A^ is a sepa- 
rable C*-subalgebra of A containing Aq, and Xoo is a separable closed subspace of X 
containing Xq. By the construction, we have XooAoo C X^o and {Xoo, Xoq)x C Aoq. 
Hence Xoo is a Hilbert Aoo-module. □ 

Proposition B.3. For a C*-algebra A and a Hilbert A-module X , the inclusion 
La'- A ^ Dx induces an isomorphism on the K -groups. 

Proof. When both A and X are separable, Corollary 2.6] gives us an isometry v 
in the multiplier algebra M. {Dx ®min of Dx ®min IK such that ^ : Dx ®min IK 3 
X I— >■ vxv* G A ®min K is an isomorphism, where K is the C*-algebra of the compact 
operators on the infinite-dimensional separable Hilbert space. Since the composition 
of the isomorphism <P and the inclusion la ®min idg : A (8>min IK — >• Dx ®min IK induces 
an identity on the ii'-groups of Dx®mirM- (see, for example, |HKJ Lemma 4.6.2]), the 
inclusion la ®min ids induces an isomorphism on the i^-groups. Hence the inclusion 
La'- A ^ Dx also induces an isomorphism on the ii'-groups. 

Now let A be a general C*-algebra and X be a general Hilbert A-module. By 
Lemma lB.21 the set of the pairs {Ax-,X\) consisting of separable C*-subalgebras 
Ax of A and separable closed subspaces X\ of X such that X\ are Hilbert Ax- 
modules is upward directed with respect to the inclusions, and satisfies A = [J^Ax, 
X = [J^ Xx- We have A = lim Ax and Dx = lini Dx^ - By the first part of this proof, 
the inclusion : Ax Dx^ induces an isomorphism on the ii"-groups for all A. 
Thus the inclusion la'- A ^ Dx also induces an isomorphism on the /T- groups. □ 

Remark B.4. Let A he a C*-algebra and X be a Hilbert A-module. By Proposition 
IB. 31 we can define a map X^,: i^*(/C(X)) — ^ K^,{A) by the composition of the map 
{lic{x))*'- K^{]C{X)) K^{Dx) and the inverse of the isomorphism (la)*'- K^{A) — > 
K^,{Dx)- This map is the same map as the one defined in [Ej Definition 5.1]. 




Licix) '- /C(X) ^ Dx, Lx'- X ^ Dx, and la'- A^ Dx- 
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Proposition B.5. Let A, B be C* -algebras, and l: A B be an injective *-homo- 
morphism onto a hereditary and full C*-subalgebra of B. Then 6* is an isomorphism 
from K^{A) to K,{B). 

Proof. The proof goes the same way as the proof of (Bj Corollary 2.10] with the help 
of Proposition IB. 31 □ 

Remark B.6. Let A, B be strongly Morita equivalent C*-algebras. Then there exists 
a C*-algebra D which contains A and B as full and hereditary C*-subalgebras. Hence 
we see that the i^-groups of A and B are isomorphic by Proposition IB. 51 and that 
A is nuclear or exact if and only if B is also by Corollary IA.9I and Proposition lA.lOl 

We use the two propositions below in Section [7| 

Proposition B.7. Let A be a C*-algebra and X be a Hilbert A-module. If A is 
nuclear or exact, then K,{X) is also. 

Proof. Since A is a hereditary and full C*-subalgebra of Dx, if A is nuclear or exact 
then Dx is also by Corollary lA . 91 and Proposition lA. lOl Now the conclusion follows 
from the fact that K,{X) is a hereditary C*-subalgebra of Dx- □ 

Proposition B.8. Let A and B be C* -algebras, X be a Hilbert A-module, and Y 
be a Hilbert B-module. Let it: A ^ B be a *-homomorphism and t: X ^ Y be 
a linear map satisfying (t(^), t(?7))y = tt{{C,, ri)x) for ^,ri G X. We can define a 
*-homomorphism ipt- }C{Y) by 'iptiGs^-q) = ^t{^),t{v) /^'^ ^jV ^ ^- Then the 

nuclearity of n implies the nuclearity of ipf 

Proof. For the well-definedness of ipt, see )KPW| Lemma 2.2]. We can define a *- 
homomorphism p : Dx —>■ Dy so that p o ij^ = o p o lx = Ly ot and p o lic{x) = 
'^K.{Y) ° i't- Since A is a hereditary and full C*-subalgebra of Dx^ the nuclearity of vr 
implies the nuclearity of p by Proposition IA.8I Since K,{Y) is a hereditary C*-sub- 
algebra of Dy, the nuclearity of p implies the nuclearity of ipt by Proposition IA.7I 
We are done. □ 

Appendix C. A proof of Proposition 18.21 

In this appendix, we give a i^'-theoretical proof of Proposition 18. 21 In [P, Theorem 
4.4], Pimsner used i^'i^'-theory to prove this proposition under some hypotheses, one 
of which is that both A and X are separable. What we will do here is to get rid of 
KK-iheoiy from the proof of W\ Theorem 4.4] so that we can prove this proposition 
without the assumption of separability. We first prepare some notation and results 
which we will need. 

Definition C.l. For a C*-algebra A, we define SA = Co((0, 1), A), which we often 
consider as a set of functions in Co((— 1, 1), A) vanishing on (—1, 0]. For a *-homo- 
morphism (p: A —>■ B, we denote by Sip: SA SB the *-homomorphism defined 
by S^{f){s) = vifis)) for f e SA and s e (0, 1). 

Definition C.2. For a C*-algebra A and an ideal / of A, we define a C*-algebra 
D{I,A) by 

Dil, A) = {fE Co((-l, 1), A) I fis) - fi-s) e I for all s G (-1, 1)}. 
We denote by t the natural embedding SI —>■ D{I, A). 



ON C*-ALGEBRAS ASSOCIATED WITH C*-CORRESPONDENCES 25 

Lemma C.3. The *-homomorphism l: SI ^ D{I,A) induces an isomorphism 
t,: K,{SI) K,{D{I,A)). 

Proof. Let us define a *-homomorphism tt: D{I, A) — > Co((— 1, 0], A) by the restric- 
tion. Then vr is surjective and its kernel is SI. Hence we have the following short 
exact sequence 

> SI D{I,A) Co((-l,0],A) > 0. 

The conclusion follows from the 6-term exact sequence of K-groups associated with 
this short exact sequence together with the fact that -ft'^,(Co((— 1, 0], A)) = 0. □ 

Definition C.4. Let A,B be C*-algebras, and / be an ideals of A. For two *-ho- 
momorphisms p+,p^ : B ^ A such that — P-ip) G / for all b E B, we define 

a *-homomorphisms p: SB D{I,A) by 



Pif)is) 



P+(/(s)) ifs>0 
ifs<0, 



for / e SB. 



Lemma C.5. When p+ = p_, the *-homomorphism p: SB D{I, A) in Definition 
'^induces on K-groups. 



Proof. When p^ = p^, the *-homomorphism p factors through the *-homomorphism 
a: Co{[0,l),A) D{I,A) defined by 



fis) ifs>0 
n-s) iis<0, 

for / G Co([0, 1), A). Since K^{Coi[0, 1), A)) = 0, we have = 0. □ 

Lemma C.6. For j = 1,2, let Aj be a C*-algebra, and Ij be an ideal of Aj. For 
a *-homomorphism Lp: Ai ^ A2 with f{Ii) C I2, we can define a *-homomorphism 
Dip: D{Ii,Ai) D{l2,A2) by D(p{f){s) = (f{f{s)), and we get a commutative 
diagram; 

Sh > SI2 

Sip 



D{h,Ai) > D{l2,A2). 

Dip 

Proof. Straightforward. □ 

We go back to the proof of Proposition l8.2l We first treat the case that the C*-cor- 
respondence X is non-degenerate. Let us take a C*-algebra A and a non-degenerate 
C*-correspondence X. 

Let 00, Too) be the Fock representation of X on £(JF(X)). We denote by 
p+: Tx ^ £(JF(X)) the *-homomorphism such that p+onx = foo and p+otx = Toq. 
We define a *-homomorphism ip^: A — > £(JF(X)) and a linear map t^: X ^ 
C{T{X)) by 

CO 00 
m=l in=l 



26 TAKESHI KATSURA 

Similarly as the proof of Proposition 14.31 we see that (v^;^, t^) is a representation of 
X. Hence there exists a *-homomorphism p^: Tx ^ £(JF(X)) such that p- o fcx = 
and p^otx = T-. 

Lemma C.7 ([Pf Lemma 4.2]). For every x G Tx, we have p+{x) — p~{x) G 

Proof. Since Tx is generated by the image of the two maps -fix and ix, it suffices to 
show this lemma when x G T>c is in the image of these maps. For a G A, we have 

p+inxia)) - p_(7fx(a)) = v?o(a) e /C(J'(X)), 

and for ^ G X, we have 

P+iUO) - p-{tx{0) = rm e iCiHX)). 

We are done. □ 

Let us set D = D{lC{T{X)), C{T{X))). By Lemma [0.71 we can define a *-ho- 
momorphism p : STx — > -D by 



P{f){s) 



p+{f{s)) ifs>0 
p-{f{-s)) if5<0. 



Lemma C.8. The *-homomorphism Sipo: SA D induces an isomorphism on the 
K-groups. 

Proof. This follows from the fact that (po: A ^ /C(jF(X)) is an injection onto a 
hereditary and full C*-subalgebra of /C(JF(X)) with the help of Proposition IB . 51 and 
Lemma IC.3I □ 

Proposition C.9. The composition of Snx'- SA —>■ STx and p: STx D induces 
an isomorphism on the K-groups. 

Proof. Since we have p+ o vfx = + p- o nx, we can see that the composition 
p o Sttx induces the same map as Sip^ with the help of Lemma IC.5I Hence the proof 
completes by Lemma fC 81 □ 



Proposition lCQI implies that p^, is "the left inverse" of the map {Sttx)* '■ K^{SA) —>■ 
K^{STx) modulo the isomorphism {Sipo)^. We will show that it is also "the right 
inverse" . To this end, we first "shift" the *-homomorphism St^x '■ SA — > STx along 
the >K-homomorphism Sip^: SA D (see Lemma fC.15|) . 

Definition C.IO. For each n G N, we set F„ = sp[ii(t^(X®")Tx) C Tx, which 
is naturally a Hilbert 7x-module. We denote by Y the direct sum of the Hilbert 
TSf -modules {Yn}n=o- 

Remark C.ll. The Hilbert T^-module Y is isomorphic to the interior tensor product 
of the Hilbert A-module J-'{X) and the Hilbert 7x-module Tx with the *-homomor- 
phism Tix'-A^ Tx- 

The linear maps t^: X®"' — ^ Yn extend a linear map t^c • ^{^) ~^ By 
the definition, we get Y = span(t^(jF(X))7x). We also have {i*x{0^^xi''l))Y = 
71x{{^,v)hx)) for all ^,r] e H^)- 
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Definition C.12. We define a *-homomorphism <P: C{r{X)) 3T ^ <P{T) G C{Y) 
by 

^(T)(t- (Ox) = tl(r(0)x for e e ^(X) and x G T^. 
It is not difficult to see tliat ^ is well-defined. 
Lemma C.13. We have ^(/C(J^(X))) C /C(F). 

Proof. This follows from the fact that <P{9^^^j) = 6'f^(^),f^(»?) for C^rj E which is 

easily verified. □ 

We define D = D {]C{Y) , C(Y)) . By Lemma EH we can define a *-homomor- 
phism D$: D D. Since we assume that X is non-degenerate, we have Yq = Tx- 
Hence the natural isomorphism Tx = /C(^o) C /C(V) gives us a *-homomorphism 
^o-Tx^lC{Y). 

Lemma C.14. T/ie *-homomorphism S(fo'- STx — ^ -D induces an isomorphism on 
the K-groups. 



Proof. Similar as the proof of Lemma IC.81 □ 
Lemma C.15. We have the following commutative diagram; 

SA STx 

D ^ 

Proof. Straightforward. □ 

Proposition C.16. The composition of p: STx — ^ D and D<P: D ^ D induces an 
isomorphism on the K-groups. 

Proof. We set TT = ^ o ip^ : A '(^(Y). For each s G [0, 1], we define a linear map 
t,:X^C{Y) by 



It is routine to check that the pair (vr, t^) is a representation of X. Thus we get a 
*-homomorphism ps : Tx — >■ jC{Y) such that o vfx = tt and ps°ix = tg for each s. 
We have po = ^ ° P+ because to = ^ ° ^oo- We also have pi = + ^ ° P- because 
^1 = <?o ° + ^ o and vr = ° + ^ o V^^- For ^ E X and s G [0, 1], we 
have - e /C(r) because ^o(ix(0), ^(^o (0) ^ /C(r). Since we have 

7r(a) — ^(<^^(a)) = ^o(7i"x('^)) ^ ^(^); we can prove Ps(x) — <P{p^{x)) G /C(F) for 
all a; G Tx and s G [0, 1] in a similar way to the proof of Lemma fC. 71 Hence we can 
see that the composition of D<P o p is homotopic to the *-homomorphism STx — > D 
defined from the two *-homomorphisms 5*^0 + S'P o p_ and S'P o p_. By Lemma 
\Ch\ we see that D<1> o p induces the same map as • Hence the proof completes 
by Lemma RTT^ □ 

Combining all the results above, we obtain that the composition of the map 
p*: K^{STx) — >■ K^[D) and the isomorphism [Sipo)~^\ K^{D) — >• K^:{SA) gives 
the inverse of the map {Snx)*- K^{SA) — > K^{STx). Hence we have shown that 
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(vfx)*: Kj,{A) — > K^,{Tx) is an isomorphism when the C*-correspondence X is non- 
degenerate. We will see that this is the case for general C*-correspondences. 
Let us take a C*-correspondence X over a C*-algebra A. We define 

T = sm{7rx{A)Tx7Tx{A)) 

which is the hereditary C*-subalgebra of Tx generated by Tfx{A). Since the ideal 
generated by Tlx (A) is Tx, Proposition IB.5I shows that the inclusion T 7x in- 
duces an isomorphism on the i^-groups. Hence to prove that the *-homomorphism 
TTx '■ A Tx induces an isomorphism on the i^-groups, it suffices to show that the 
*-homomorphism ttx'- A ^ T induces an isomorphism on the i^'-groups. This can 
be shown by applying the discussion above to the non-degenerate C*-correspondence 
in the next lemma. 

Lemma C.17. Let us set X' = span.{ipx{A)X) which is a non-degenerate C*- 
correspondence over A. Then there exists an isomorphism p: Tx' — > T such that 

pOTTx' = TTx- 

Proof. Let us set vr = ttx and define a linear map t: X' ^ Tx as the restriction of 
tx to X'. It is easy to see that the pair (7r,t) is a representation of X'. Hence we 
have a *-homomorphism p: Tx' Tx- It is clear that the gauge action of Tx is 
a gauge action for the representation (7r,t). It is also clear that {a G A | 7r(a) G 
'?/'t(/C(X'))} = 0. Hence p is injective by Theorem 16.21 Finally, it is not difficult to 
see that the image of p is T. □ 

This completes the proof of Proposition 18.21 
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